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§ 1. Introduction
In this report @
of a given real function

we shall consider the following expansion

CN2
£(x) = Z; b sin(nx-} e ) 1.7
 N=

in the halfperiod interval 0« x £ T, The m% are gilven con-
stants, which will satisfy the conditions

o =o+ 0(n"")

_ , B8 >

for n-—co and
~71 < Reot <1 ,

We shall also consider the expansion

oD
f(}() = Z &) f‘jin(nxw;?&( TL) 1,2
") n N

which differs from 1.1 in having a constant term.

These expansions have been investigated by H.A. LAUWERIER 2)

and G.W, VELTKAMP. The former obtained the following results.
Xpansion 1.1 i generally possible 18 it is requilired that

bnw%co for n —>»co , The coeificients bn appear to be of sub-
harmonlc order m4+{R@cx{ {'or n~w90m9’§Xpansion 1.2 13 general-

N
ly possible 1f it 1is reqguired tnat E:ka§<:am . The coeffl-
hyperharmonic order -1-|Re | for

o - 0

b

cients a, appear to bhe of
N —» 09,

In The simple special casc X=X it 1s possible to determine

the expansion coefficients in the Tollowling way.
To the set
3)

sin(nx - $&XTY . n oy

the following set of biorthogonal Tunctions 1s assoclated

m
O e .
k (x) = 2 tan %X > € sin kX m > 1.
rn( ) - 'ir— 'ﬁ»—l m“"k - ’ - 3
A

where the e, are defined by trhe generating ffunction 4

K }
1) Research carried out under the direction of Prof.Dr D. van
Dantzlg, S

2) H.A., Lauwerier, On certain trigonometrical expansions.
Report TWY3 (1957) Mathematisch Centrum,

o~

3) In Lauwerier's notation is K =-2.u ,



The first few coefficients are

3 N 2
eO v /\ e/‘ — 204 62 s 2& o
We also note the relation
2 " A
= ftan“ X sin kx dx = -sec ZAW € s K x1. 1.5
o
In view of the orthogonality relation
] f ] ..‘
e ’ km(X)SiN(h}(*?O&W)dX mt’.‘j.mjn s m,n 2 1.6
the coefficients can be written as
b[f Kk (x)dx n e 1.7

he more general expansion 1.1 can be reduced to a set of
linear equations in the following way. Since the set

sin(nx-5 £ TC)_,, n>1,

18 asymptotically orthogonal to the set k (x)g m> 1, 1T
seems appropriate to deturmlne the coeff101ents b from

o9

Cm,n . wff x)k: (x)dx , m 21 , 1.8

N="1
where 1 gt

= Jﬁ K )Sin(nxm%dhﬂjdx , myn >1, 1.9
O
It will be shown in &4 that the C.. p can be expressed in
ﬁ
terms of coefficients
TG
d _
emm = I fkm(x)sin(nx%ot*m)dxj ms»1, n integer. 1.0
O

Comparison with 1.5 shows that

e = -0 ffor n<L -1, 1.1

m,n m, -n

For these coefficients the following relations will be proved

j 1.12

N m
(-1) " 'n e = (-1} M €h,m

m,n



m(em+qﬁnwemman) + (n+4)em5n+qm(nm1)e ﬁanmO, 1.13
e ,, — — N

m+1,n m-1,n "m,n+1 "m,n-1" "m,o0"1,n ’ 1.4

— D -

“m,0 = m .15

)
e =m S (- (mk-)L 1.16
m , I Py

kl(h#k)l(mmn+k); m-n+2k

Since the coefficients e , and e depend on X, we shall

S
sometimes write e (o) and e (o). For coefficients with
3
opposite X we shall derive

)mH"l

e -K) = (-1

nurx emﬂn(dﬂ : 1.17

The rapidly convergent expansion 1.2 may be treated in 8

similar way. We first consider the casec mhmcx. Then to the

set

the following set of bilorthogonal functions is assoclated

X —
hm(x) - —tan %X Z_ d (x=1)cos kx, m 20

K emmh
1.13

if O < ™ <14 and

m
o+
— 2 = - cos kx, m >0
hm(x) tan = 55X gig " ommk0x+1) . >
- 1.19
if -1<x <0, (& =1, & =0 (k 21) ).
In view of the orthogonality relation
’ T
o Y o 1 oy v . -
%:u(hm(h)min(nxm20<m)dx = ﬁﬁﬁn’ m,n >0, 1.20
O
the expansion coeflficients A, can be writlfen as
1 T
=3 (eie) n X N0 . 1.2
a = o [f(x) n (x)dx , Y
®

In the case of the more general expansion 1.2 the expansilon
coefficients again can be determined from a 5et of linear

equations viz,
&2 1

G
d Mff(x)hm(x)dxﬂ m 21, 1.22

O

“l ST e
n=0 g

where



I

e
g o 1
d = = fh (X)uln(n){“ﬁd

- - T)dx%, m 20 . 1.23

g
O
A8 1n the previous case the dm . can pe expressed 1n terms of

coefficients
TC

_ 1 a
fm,n = = jrhm(x)81n(nx+@cvm)dxj m » Q0 , 1. 24
O

but these coefficients will be shown to be related to the

emyn according to
fmjn(d) == menﬁm(ﬂmooﬁ 1> X >0 1.25
fmﬁn(m) = menﬁm(wﬂuaoﬁ -1 <t <O,

¢ 2. The coefficients e_ _.

In this section we prove formulae 1.12 - 1.17. We first

derive a generating function for the ST According to 1.6
and 1.10 we have

TC
g @ -
= fkm(x)sj.n(nx-%mﬂ)dx =0

m.n ° m,n 2 1,
1 Of“’
)
oo b4 1 X 4= o TT - .
Addition and substraction yields
5 T
L] 1
= ‘ = Sec T (¢ <) m,n 2
- fkm(}{)fv.l.n Nx dx SCC 5 (Lm5n+ .’n)ﬁ P > 1
O
& T |
— k (x)cos nx dx = csc sXAT (e - m3>1,n% 0.
TC [ m(i{)c b d CS - ( mﬁn mﬁr])ﬁ 'y g s
O
Hence we hsave o0
| - . L2 O{TC v ™~ ¥ C.s
X) = gec @ + ¢ in nx m »
km( ) ) ) ﬁ&ﬁ( m, n mﬁn)u ! C?

From this formula we find the generating function +)

L) This generating function is due to a suggestion of
H.,A. Lauwerier.



-5 -

This Tormula has been obtained for m 21. By means of this

expression the €. can also be defined for m<0QO, nx 0.
3
Then we have

®nn = Yom,p > ME€N, n20, 2,2
If, 1n 2.1 we replace x by T-x, we find

A\

cos(MX+3 ™M) = E: (-1)M* ¢

cos(nNx-3TM . 2.3
N=—0 M, I

Comparigson of 2.1 with 2.3 immediately vields 1.17.
Relation 1.14 can be proved as follows

Infnmq)cos(nx+§qu

AN
n - ” ! _ b3
€1, nC 08 {(n 1)X+3 CUC} ngo i, COS {(n+’})x+—2-—0tm}
= COS {(m+4)xw%Mﬂi}+-cos {(mwﬂ)xw%dﬂ:}
00
-2 co8s X 22: cmﬂlcos(nx+§mn3+e ﬁ COS( X =3 ATE)
o\
— s L
= em,o Z eanco.J(nX+zoL“It)
N=0
because of e =0 (comp,.1.10),
m_g'""'/}

Tdentification of corresponding coefficients yields 1.14,
Differentiation of 2.1 and 2.3 yields

AN

m sin(mx-3&Tm = E:;rma sin( nxX+3 L) 2.4
L onr” m,n
= M+

m osin(mekdn) = > n(-1)"Te  sin(mx-bem . 2.5
nm/‘ ' b

Multiply 2.5 with L{p()«:)/“m and intcgrate from O to W™ . We

find :
m+1’1€3 5 _ p(m,l)m!—-pe

e = n{-1) m,n “p,n

SN m, P

in accordaonce with 1.12.
Relation 1,13 can be proved by means of 2.1 anad 2.4, We have

m( e e Jcos(nx+3s ®TT)

m+1,n m-1,n

— m COS { (m"‘/l)x"’% OLTE}w m COS { (m”“q )X*%‘Q(TE ‘}'



- -

= -2m sin x sin(mx-3 )

O\ .
= -2 8] . j 1
S1ln X gi% N emﬁn51n(nx+@mvm)

l

st

AW » oo
n c L Tel i o
n%ﬂ mmcos{(nm)xﬁo«n} 2 " “m,n" " {(n*’l)xho‘m}

V="
W,
— 22%*{(nmﬂ)emqh_qw(n+4)emjn+q}~cog(nx+%ovm),
becausgse of e =0,

m, ="
ldentlfication of corresponding coefficients yields 1.13.

For the proof of 1.15 we first show

gem_l{(&&)ek(mo() = Jmﬁo . 2.0

Indeed we have, because of 1.4,

. (1+3)°(<1+s ) - &
T-8 15

Q0 O
~ m E Kk
o L @m(D() Gk(mo()g,
M= 1{::::0
ND
m
- > e (e, (-,

O
Using 1.10, 1.3, 1.5 and 2.0 we have

TC
o4 L ’ .
€ .o = 8in X = fl{m(x)dx
O T
= Sin Lol Te i)‘ £ (Dﬁ) 2‘ t‘?ﬂm "l"‘“}‘: gin KX dX
Yo 2 mwk 3T - . )
K=" o

S
= - c ()e, (-

Yong? m--K !
end @m 3

because eomﬂ.

We shall prove 1.16 by induction. By substitution it is veri-
fied, that 1.16 satislies the recurrence relation 1.13. More-
over for n=0 1.16 becomes identical with 1.15 which we alrecady
know to be true., For n=-1 we find from 1.10 e =0 1in ac-

my
cordance with 1.41. Hence, since 1.16 is valid for two values

of n, 1t must be valid for all values of n,



- -

We conclude this section with a remark concerning the

practical evaluation of the € ne Let it be required tTO
5

evaluate a square array of e , m,n="1,.,.,.,N, We start wlith

m, n
the column € o=Cpn - For the e Lauwerlier proved the recur-
5

rence relatlion

me = 26
m

- 5 2.

-]

which admits the evaluation of all em f'rom eomﬂ and 8132cx¢

Then fthe e 4 can be evaluated by aid of 1.13, except e
b

N,1°
However, from 1.13 and 1.14 we obtain

(m+n+1)e -m e_ € 2.8

=21m € - { M=~
m--1,n ( n+q)em5nw1 m,O m

m,n+-]

and this formula can be used {or evaluating

S .
N ;1
In general we evaluate ¢

m e M2n, m< N from two preceding

columns by aida of 1.13. For m n we use 1.12 and e\ is f'oundad
b

by aid of 2.8.

A table of e , m,n=0(1)0 is added to this report.

3

§ 3. The coefficients f

According to 1.20 and 1.22 we have

K

TC
d ]ﬂ o\ s .1 ,oo
TWE hm(x)mln(nx-——f&&mdx ........Cb;nﬁn

-

O
1 m . o
= {hm(x)ﬁln(nxhﬁ KT)dx = f‘mmﬁ

ITn a similar way as before we [ind
N

cos(mx-4 X)) = ZE fm ncog(nx+§0Um)9 m > O 3.,
N= g

Furthermore we have, because of 2.5 and 1.12,
GND

sin(mx+z ™) = Z = (=1 )rr1+n S n(&)Sin(nxwém‘m)
2

e InUX)sin(nxm%cxﬂﬂ 3.2

If O< & ¢1 we put «¢=1- o', Substitution in 3.2 gives, 1f the
primes are dropped,

NG |
cos(mx=3 /) = - 5 e m(ﬂm&)cos(nx%mw) : 3.3
N= " >



_a._

Comparison of 3.1 and 3.3 yields

f'msn(()() = men,m(/]“c){) 3 1> X >0,

I[f' =1 < KX<0 we put A=-1- &' and find in the same way

fmm(o() = menjm(--/l—-m) 0 >x>-1 .

Hence the relations 1.25 are proved

S M. general expansi

wWwe shall show how the expansion coefficients bn 1n

C\2
f(x) = }:/l b_sin(nx-}& )
==

can be determined,

Let UEwﬁ»m for n—y 0o, By meang of tThe trigonometrical
identity

s
this can be written in the form
AN |
f(x) = »_ Db! |sin(nx-toT)+s , 4,4
n - n
N="
where sin 5 (+& )
b, = ——————Db_ h.2
& 31N )T
) ﬁlj'] j’, oL - O
55 . e - l,,..,.,,;m;’; IR A | u s . 4 @ 3
sin (o040l )
Proceeding as indicated in the introduction we f{find
Aot
> {d _+se. (o) }op = ff(x)k (x)ax, T
T m,n N m,n N T m

O
In the same way we can derive for the rapidly convergent
expansion 1.2 the s=ts of linear equations




where sin 3 (o4 )

al =
N a

S1hn © T F

If for f(x) a Fourier expansion valld in the half-period in-
terval O0<x <™ 1s known, we can evaluate the right hand mem-
bers of 4.4, 4.5 or 4.6 in a similar way. Let e.g.

aa
f(x) = gi; p_sin(nx-z¢ T)
then
s oD
L f - S ,.
= f(x)km(x)dx = E;: P! {}m,n+qnem,nbd)}
O N="
- where sin z(X+¢ )
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- -

8 2
°25= - 435"’“ 1-6C) (52020
2 2
*35 g (1-0C) (3-arach)

S .,m;.cx( 107 ) (45-290 +hot - 200)
ece= 1 - -2—3. ! (509 3900 411206 =106 +465 )
S "11‘7'5“ oL (1-07) (675-4 14?4 1360% 1100 4 4x8)

eo6m O
“467 - 3‘1%'0(( “0’\2) (9+’16o&2+2m4)

€ 5= Ip%g{ (1-0C) (6-50C- o)

36 - 'II‘(L%‘ ("“"0’* )(45--’\404 +’100{4+4m6)

SuEs 6‘%@ ‘-‘*2( ’1-"0'(2)(27 + 4&42-4*-2&4)

o o 4 2 g 2 4 1.6 .,..8
56= = FrEE X (1= ) (675414 +13600 + 4o +4ed®)

4 6 o8

Cep= 1 - 72‘(5%5' 042(4662*%9%@4—10960(

222 -8~ i O



